Abstract. The purpose of this paper is to study anti-invariant Riemannian submersions from Kenmotsu manifolds onto Riemannian manifolds. Several fundamental results in this respect are proved. The integrability of the distributions and the geometry of foliations are investigated. The condition for anti-invariant submersions such that characteristic vector field ξ is vertical vector field being harmonic is given. Furthermore, examples of anti-invariant submersions in the cases where the characteristic vector field ξ is vertical or horizontal are presented.
Introduction
Riemannian submersions between Riemannian manifolds were studied by O'Neill [15] and Gray [8] . Riemannian submersions have several applications in mathematical physics. Indeed, Riemannian submersions have their applications in the Yang-Mills theory ( [3] , [24] ), Kaluza-Klein theory ( [4] , [9] ), supergravity and superstring theories ( [10] , [25] ), etc. Later such submersions were considered between manifolds with differentiable structures, see [7] . Furthermore, we have the following submersions: semi-Riemannian submersion and Lorentzian submersion [7] , Riemannian submersion [8] , slant submersion ( [5] , [21] ), almost Hermitian submersion [23] , contact-complex submersion [12] , quaternionic submersion [11] , almost h-slant submersion and h-slant submersion [17] , semi-invariant submersion [22] , h-semi-invariant submersion [18] , etc.
Comparing with the huge literature in Riemannian submersions, it seems that there are necessary new studies in anti-invariant Riemannian submersions; an interesting paper connecting these fields is [20] . Şahin [20] introduced anti-invariant Riemannian submersions from almost Hermitian manifolds onto Riemannian manifolds. The present work is another step in this direction, more precisely from the point of view of anti-invariant Riemannian submersions from Kenmotsu manifolds. Our work is structured as follows: the first section is a review of Riemannian submersions. The next section is focused on basic facts for Riemannian submersions and Kenmotsu manifolds. The third section is concerned with definition of anti-invariant Riemannian submersions from Kenmotsu manifolds onto Riemannian manifolds. We investigate the integrability of the distributions and the geometry of foliations. We give the condition for anti-invariant submersions such that characteristic vector field ξ is vertical vector field being harmonic. The last section is devoted to examples of anti-invariant submersions in the cases where the characteristic vector field ξ is vertical or horizontal.
Preliminaries
In this section we recall several notions and results which will be needed throughout the paper.
Let M be an (2m + 1)-dimensional connected differentiable manifold [2] endowed with an almost contact metric structure (φ, ξ, η, g) consisting of a (1, 1)-tensor field φ,a vector field ξ, a 1-form η and a compatible Riemannian metric g satisfying
for all vector fields X, Y ∈ χ(M ).
An almost contact metric manifold M is said to be a Kenmotsu manifold [13] if it satisfies
where ∇ is Levi-Civita connection of the Riemannian metric g. From the above equation it follows that
A Kenmotsu manifold is normal (that is, the Nijenhuis tensor of φ equals −2dη ⊗ ξ) but not Sasakian. Moreover, it is also not compact since from equation (2.5) we get divξ = 2m. Finally, the fundamental 2-form Φ is defined by Φ(X, Y ) = g(X, φY ). In [13] , Kenmotsu showed:
(a) that locally a Kenmotsu manifold is a warped product I × f N of an interval I and a Kaehler manifold N with warping function f (t) = se t , where s is a nonzero constant. (b) that a Kenmotsu manifold of constant φ-sectional curvature is a space of constant curvature −1 and so it is locally hyperbolic space. Now we will give a well known example which is Kenmotsu manifold on R 5 by using (a).
The characteristic vector field ξ is given by
∂ ∂z and its Riemannian metric g in and tensor field φ are given by
This gives a Kenmotsu structure on M . The vector fields
∂x2 and E 5 = ξ form a φ-basis for the Kenmotsu structure. On the other hand, it can be shown that M (φ, ξ, η, g) is a Kenmotsu manifold.
Let (M, g M ) be an m-dimensional Riemannian manifold and let (N, g N ) be an ndimensional Riemannian manifold. A Riemannian submersion is a smooth map F : M → N which is onto and satisfying the following axioms: S1. F has maximal rank. S2. The differential F * preserves the lenghts of horizontal vectors. The fundamental tensors of a submersion were defined by O'Neill ( [15] , [16] ). They are (1, 2)-tensors on M , given by the following formulas: 
It is easy to see that T is vertical, T E = T VE , and A is horizontal, 
On the other hand, from (2.7) and (2.8) we have
for X, Y ∈ Γ((ker F * ) ⊥ ) and V, W ∈ Γ(ker F * ), where∇ V W = V∇ V W. Notice that T acts on the fibres as the second fundamental form of the submersion and restricted to vertical vector fields and it can be easily seen that T = 0 is equivalent to the condition that the fibres are totally geodesic. A Riemannian submersion is called a Riemannian submersion with totally geodesic fibers if T vanishes identically. Let U 1 , ..., U m−n be an orthonormal frame of Γ(ker F * ). Then the horizontal vector field H 
Finally, we recall the notion of harmonic maps between Riemannian manifolds. Let (M, g M ) and (N, g N ) be Riemannian manifolds and supposed that ϕ : M → N is a smooth map between them. Then the differential ϕ * of ϕ can be viewed as a section of the bundle Hom(T M, ϕ −1 T N ) → M, where ϕ −1 T N is the pullback bundle which has fibres (ϕ
has a connection ∇ induced from the Levi-Civita connection ∇ M and the pullback connection. Then the second fundamental form of ϕ is given by
, where ∇ ϕ is the pullback connection. It is known that the second fundamental form is symmetric. If ϕ is a Riemannian submersion, it can be easily proved that
is said to be harmonic if trace(∇ϕ * ) = 0. On the other hand, the tension field of ϕ is the section τ (ϕ) of
where {e 1 , ..., e m } is the orthonormal frame on M . Then it follows that ϕ is harmonic if and only if τ (ϕ) = 0, (for details, see [1] ). Let g be a Riemannian metric tensor on the manifold M = M 1 × M 2 and assume that the canonical foliations D M1 and D M2 intersect perpendicularly everywhere. Then g is the metric tensor of a usual product of Riemannian manifolds if and only if D M1 and D M2 are totally geodesic foliations [19] .
Anti-invariant Riemannian submersions
In this section, we are going to define anti-invariant Riemannian submersions from Kenmotsu manifolds and investigate the geometry of such submersions.
First of all, from Definition 1, we have φ(ker F * ) ∩ (ker F * ) ⊥ = {0} . We denote the complementary orthogonal distribution to φ(ker F * ) in (ker F * )
⊥ by µ. Then we have
3.1. Anti-invariant submersions admitting vertical structure vector field. In this subsection, we will study anti-invariant submersions from a Kenmotsu manifold onto a Riemannian manifold such that the characteristic vector field ξ is vertical. It is easy to see that µ is an invariant distribution of (ker F * ) ⊥ , under the endomorphism φ. Thus, for X ∈ Γ((ker F * ) ⊥ ), we have
where BX ∈ Γ(ker F * ) and CX ∈ Γ(µ). On the other hand, since F * ((ker F * ) ⊥ ) = T N and F is a Riemannian submersion, using (3.2) we derive g N (F * φV, F * CX) = 0, for every X ∈ Γ((ker F * )) ⊥ and V ∈ Γ(ker F * ), which implies that
The proof of the following result is the same as Theorem 1 of [14] , therefore we omit its proof.
⊥ . Then the characteristic vector field ξ is vertical and m = n.
Remark 1. We note that Example 2 satisfies Theorem 1.

Lemma 3. Let F be an anti-invariant Riemannian submersion from a Kenmotsu man-
Proof. From (2.13) and (2.5), we have (3.4). By virtue of (2.11) and (2.5), we get (3.5). For X ∈ Γ((ker F * ) ⊥ ) and U ∈ Γ(ker F * ), using (2.2) and (3.2), we obtain
Since φU ∈ Γ((ker F * ) ⊥ ) and ξ ∈ Γ(ker F * ), (3.8) implies (3.6). Now, from (2.13), (2.4) and (3.6) it follows that
, we obtain (3.7). Since the distribution ker F * is integrable, we only study the integrability of the distribution (ker F * )
⊥ and then we investigate the geometry of leaves of ker F * and (ker F * ) ⊥ .
Theorem 3. Let F be an anti-invariant Riemannian submersion from a Kenmotsu man-
Then the following assertions are equivalent to each other:
Proof. By virtue of (2.2) and (2.4), one easily obtains
for X, Y ∈ Γ((ker F * ) ⊥ ) and V ∈ Γ(ker F * ). Then from (3.2), we have
Taking into account that F is a Riemannian submersion and using (2.8), (2.13) and (3.7), we get
Thus, from (2.18) we have
which proves (i) ⇔ (ii). On the other hand using (2.18), we get
Then (2.13) implies that
From (2.8) it follows that
A Y BX − A X BY ∈ Γ((ker F * ) ⊥ ), this shows that (ii) ⇔ (iii).
Remark 2. If φ(ker F * ) = (ker F * )
⊥ then we get C = 0 and morever (3.3) implies that T N = F * (φ(ker F * )).
Hence we have the following corollary. and (N, g N ) is a Riemannian manifold. Then following assertions are equivalent to each other:
The following result is a consequence from (2.14) and (3.4).
Theorem 4. Let F be an anti-invariant Riemannian submersion from a Kenmotsu
⊥ does not define a totally geodesic foliation on M.
Theorem 5. Let F be an anti-invariant Riemannian submersion from a Kenmotsu manifold M (φ, ξ, η, g M ) to a Riemannian manifold (N, g N ). Then the following assertions are equivalent to each other: i) ker F * defines a totally geodesic foliation on
Proof. Since g M (W, X) = 0 we have g M (∇ V W, X) = −g(W, ∇ V X). From (2.2) and (2.4), we obtain g M (∇ V W, X) = −g M (φW, H∇ V φX). Then Riemannian submersion F and (2.18) imply that
which is (i) ⇔ (ii). By direct calculation, we derive
Applying (3.2), we have
Hence we get
Since [V, CX] ∈ Γ(ker F * ), equations (2.11) and (2.13) imply
This shows (ii) ⇔ (iii). 
We note that a differentiable map F between two Riemannian manifolds is called totally geodesic if ∇F * = 0.
Using Theorem 4, one can give the following theorem. and (N, g N ) is a Riemannian manifold. Then F is not a totally geodesic map.
Finally, we give a necessary and sufficient condition for an anti-invariant Riemannian submersion such that φ(ker F * ) = (ker F * )
⊥ to be harmonic.
is a Kenmotsu manifold and (N, g N ) is a Riemannian manifold. Then F is harmonic if and only if Trace φT
Proof. From [6] we know that F is harmonic if and only if F has minimal fibres. Thus
F is harmonic if and only if
T ei e i = 0, where k is dimension of ker F * . On the other hand, using (2.11), (2.12) and (2.4), we get (3.9)
for any W, V ∈ Γ(ker F * ). By (3.9), we get
for any V ∈ Γ(ker F * ). The equation (2.16) implies that
Then, using (2.9), we have
Then the proof comes from (2.2).
3.2. Anti-invariant submersions admitting horizontal structure vector field. In this subsection, we will study anti-invariant submersions from a Kenmotsu manifold onto a Riemannian manifold such that the characteristic vector field ξ is horizontal. Using (3.1), we have µ = φµ ⊕ {ξ}. For any horizontal vector field X we put
where BX ∈ Γ(ker F * ) and CX ∈ Γ(µ). Now we suppose that V is vertical and X is horizontal vector field. Using above relation and (2.2), we obtain
By virtue of (2.2) and (3.10), we get
Since φU ∈ Γ((ker F * ) ⊥ ) and ξ ∈ Γ(ker F * ), (3.12) implies (3.11) . From this last relation we have g N (F * φV, F * CX) = 0 which implies that (3.13) T
The proof of the following result is the same as Theorem 10 of [14] , therefore we omit its proof.
Remark 3. We note that Example 3 satisfies Theorem 8.
Lemma 4. Let F be an anti-invariant Riemannian submersion from a Kenmotsu man-
Then we have (3.14)
A X ξ = 0,
Proof. Using (2.14) and (2.5), we have (3.14). Using (2.12) and (2.5), we obtain (3.15). Now using (3.11), we get
for X, Y ∈ Γ((ker F * ) ⊥ ) and U ∈ Γ(ker F * ). Then (2.13) and (2.4) imply that
, we obtain (3.16).
We now study the integrability of the distribution (ker F * ) ⊥ and then we investigate the geometry of leaves of ker F * and (ker F * ) ⊥ .
Theorem 9. Let F be an anti-invariant Riemannian submersion from a Kenmotsu man-
Proof. From (2.2) and (2.4), one easily obtains
for X, Y ∈ Γ((ker F * ) ⊥ ) and V ∈ Γ(ker F * ).Then from (3.10), we have
Taking into account that F is a Riemannian submersion and using (2.8), (2.13) and (3.16), we obtain
Remark 4. We assume that (ker F * ) ⊥ = φ ker F * ⊕ {ξ}. Using (3.10) one can prove that
Hence we can give the following corollary.
Then the following assertions are equivalent to each other: 
Proof. From (2.2) and (2.4), we obtain
for X, Y ∈ Γ((ker F * ) ⊥ ) and V ∈ Γ(ker F * ).By virtue of (3.10), we get
Using (2.13) and (3.16), we have
Since differential F * preserves the lenghts of horizontal vectors the relation (3.17) forms
By using (2.13) and (2.18) in (3.18), we obtain
which tells that (ii) ⇔ (iii). (N, g N ) is a Riemannian manifold. Then the following assertions are equivalent to each other:
The following result is a consequence from (2.11) and (3.15).
Then (ker F * ) does not define a totally geodesic foliation on M.
Using Theorem 11, one can give the following result. 
Examples
We now give some examples for anti-invariant Riemannian submersions from Kenmotsu manifolds. 
Then it is easy to see that F is a Riemannian submersion. Moreover, φV 1 = −H 1 , φV 2 = −H 2 imply that φ(ker F * ) ⊂ (ker F * ) ⊥ = φ(ker F * ) ⊕ {ξ}. Thus F is an antiinvariant Riemannian submersion such that ξ is a horizontal vector field.
